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SYMMETRIES OF QUANTUM LAX EQUATIONS FOR THE PAINLEV ´E
EQUATIONS
HAJIME NAGOYA AND YASUHIKO YAMADA
Abstract. The Painleve´ equations can be written as Hamiltonian systems with affine Weyl group
symmetries. A canonical quantization of the Painleve´ equations preserving the affine Weyl group
symmetries has been studied. While, the Painleve´ equations are isomonodromic equations for
certain second-order linear differential equations. In this paper, we introduce a canonical quanti-
zation of Lax equations for the Painleve´ equations and construct symmetries of the quantum Lax
equations. We also show that our quantum Lax equations are derived from Virasoro conformal
field theory.
Mathematics Subject Classifications (2010): 17B80, 33C70, 34M55, 81R12, 81T40
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1. Introduction
It is known that the Painleve´ equations are Hamiltonian systems and, except for the first one,
admit the affine Weyl group actions, as Ba¨cklund transformations [19]. For example, the second
Painleve´ equation PII(α) (α ∈ C) is the Hamiltonian system:
dq
dt =
∂HII
∂p
,
dp
dt = −
∂HII
∂q
,
where
HII(q, p, t, α) = p
2
2
−
(
q2 +
t
2
)
p − αq.
Let (q, p) be a solution to PII(α). Then, birational canonical transformations defined by
s(q, p) = (q + α
p
, p),
π(q, p) = (−q,−p + 2q2 + t),
give solutions to PII(−α), PII(1−α), respectively. The Ba¨cklund transformation group generated
by s, π is equivalent to the extended affine Weyl group of type A(1)1 .
Since the Painleve´ equations are Hamiltonian systems, their quantization can be considered
naturally. A canonical quantization of the Painleve´ equations preserving the affine Weyl group
actions have been studied [12], [16], [17] (see also [7], [13], [14]). For example, the quantum
second Painleve´ equation QPII can be written as the time-dependent Schro¨dinger equation:
κ
∂
∂t
Ψ(t, x) =HII
(
x,
∂
∂x
, t, α
)
Ψ(t, x)
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)2
− x ∂
∂x
x − t
2
∂
∂x
− αx
Ψ(t, x).
Ba¨cklund transformations of QPII are realized by the Euler transformation (or the Riemann-
Liouville integral) and a gauge transformation. Let Ψ(t, x) be a solution to QPII(α). Then,
transformations of a solution Ψ(t, x) defined by
s (Ψ(t, x)) =
∫
∆
(x − u)α−1Ψ(t, u)du,
π (Ψ(t, x)) = exp
(
2
3 x
3 + xt
)
Ψ(t,−x),
with an appropriate cycle ∆, are solutions to QPII(−α), QPII(−κ − α), respectively. Similarly,
the affine Weyl group symmetries for the quantum Painleve´ equations QPIII- QPVI were real-
ized by using gauge transformations and the Laplace transformation [17]. In both the classical
and quantum cases, the affine Weyl group symmetries play an important role to study special
solutions to the systems.
On the other hand, the Painleve´ equations describe the isomonodromic deformation for cer-
tain second-order linear differential equations [6]. Since this fact is crucial for the Painleve´
equations, it will be important to study its quantization. In the present paper, we introduce
quantum Lax equations1 and study their symmetries. In doing this, a useful fact is that the clas-
sical Lax equation can be written concisely in terms of the quantum and classical Hamiltonians.
For example, the Lax equation for the second Painleve´ equation PII(α + 1) can be written as(
HII
(
x,
∂
∂x
, t, α
)
− HII(q, p, t, α + 1) − 12(x − q)
(
∂
∂x
− p
))
y(x) = 0,
and a natural quantization of this gives the following quantum Lax equation:(
HII
(
x, ǫ1
∂
∂x
, t, α
)
− HII
(
q, ǫ2
∂
∂q
, t, α + ǫ1 − ǫ2
)
− ǫ1 − ǫ2
2(x − q)
(
ǫ1
∂
∂x
− ǫ2 ∂
∂q
))
Φ(x, q) = 0.
The symmetry of these quantum Lax equations can be derived by using the symmetry properties
of the quantum Hamiltonians studied in [17]. Taking the classical limit of the quantum Lax
equations as ǫ2 → 0 with ǫ2∂/∂q → p, we recover the classical Lax equations and symmetries
of them. On realization of symmetries of the classical Lax equations, see [23], [9] and references
therein, for example. We also derive the quantum Lax equations from Virasoro conformal field
theory with two null fields at x and q. Note that the quantum Painleve´ equations are derived
from the conformal field theory with one null field [3], [16], [2].
Similarly in the case of the quantum Painleve´ equations [17], symmetries constructed in this
paper generate solutions to the quantum Lax equations. We shall investigate solutions to the
quantum Lax equations in the forthcoming paper.
The remainder of this paper is organized as follows. In section 2, we introduce quantum
Lax equations for the Painleve´ equations. After recalling symmetries of the quantum Painleve´
1 We call the linear differential equations (the Lax auxiliary linear problems) simply as Lax equations.
2
equations, we define transformations and show that those are Ba¨cklund transformations for the
quantum Lax equations. In section 3, we derive quantum Lax equations introduced in section
2 from Virasoro conformal field theory. In appendix, we summarize the known results for the
classical case.
Remark 1.1. It is known that the quantum Painleve´ equations with κ = 1 have a relation to
corresponding classical Lax equations [22], [18], [25]. More precisely, the wave functions
of the classical Lax equations multiplied by the tau functions of the Painleve´ equations are
solutions to the quantum Painleve´ equations with κ = 1. This means that the classical Lax
equations are related to the conformal field theory with the central charge c = 1. In [4], the
tau function of the classical sixth Painleve´ equation is interpreted as a four points correlation
function in the conformal field theory with c = 1.
2. Symmetry
In this section, we introduce the quantum Lax equations for the Painleve´ equations and de-
scribe symmetries of them. In order to construct Ba¨cklund transformations of the quantum Lax
equations, we use Ba¨cklund transformations of the quantum Painleve´ equations.
2.1. PVI case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, αi
(0 ≤ i ≤ 4), ǫ1, ǫ2, and the commutation relations
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + α1 + 2α2 +α3 + α4 = −ǫ1 + ǫ2.
Let HxVI(α) (α = (α0, α1, α2, α3, α4)) be the Hamiltonian for the quantum sixth Painleve´ equa-
tion defined by
HxVI(α) =x(x − 1)(x − t)
(
y − α4 − ǫ1
x
− α3 − ǫ1
x − 1 −
α0 − ǫ2
x − t
)
y
+ (α2 + ǫ1)(α1 + α2 + ǫ1)x.
Let HqVI(α) be defined by replacing x, y, ǫ1, ǫ2 in HxVI(α) with q, p, ǫ2, ǫ1, respectively.
Let us introduce the quantum Lax operators LVI(α) and BVI(α) for the sixth Painleve´ equation
defined by
LVI(α) =HxVI(α0, α1, α2, α3, α4) − HqVI(α0, α1, α2 + κ, α3, α4)
− κ
x − q (x(x − 1)(q − t)y − q(q − 1)(x − t)p) , (2.1)
BVI(α) =ǫ2HxVI(α0, α1, α2, α3, α4) − ǫ1HqVI(α0, α1, α2 + κ, α3, α4) − κǫ1ǫ2t(t − 1)d. (2.2)
Here κ = ǫ1 − ǫ2. We use this notation throughout the paper.
Let us recall the extended affine Weyl group W˜(D(1)4 ) symmetry of the quantum sixth Painleve´
equation. Here, W˜(D(1)4 ) = W(D(1)4 ) ⋊ G, where W(D(1)4 ) = 〈s0, s1, s2, s3, s4〉 is the affine Weyl
group of type D(1)4 and G = 〈σ1, σ2, σ3〉 is the automorphism group of the Dynkin diagram of
type D(1)4 .
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Definition 2.1 (cf. [14]). Let the automorphisms sq for s ∈ {s0, s1, s2, s3, s4, σ1, σ2, σ3} on K be
defined by the following table:
z α0 α1 α2 α3 α4 q p t d
s
q
0(z) −α0 α1 α2 + α0 α3 α4 q p − α0q−t t d + α0/ǫ2q−t
s
q
1(z) α0 −α1 α2 + α1 α3 α4 q p t d
s
q
2(z) α0 + α2 α1 + α2 −α2 α3 + α2 α4 + α2 q + α2p p t d
s
q
3(z) α0 α1 α2 + α3 −α3 α4 q p − α3q−1 t d
s
q
4(z) α0 α1 α2 + α4 α3 −α4 q p − α4q t d
σ
q
1(z) α0 α1 α2 α4 α3 1 − q −p 1 − t −d
σ
q
2(z) α0 α4 α2 α3 α1 1q −q(pq + α2) 1t −t2d
σ
q
3(z) α4 α1 α2 α3 α0 t−qt−1 −(t − 1)p tt−1
(1 − t)(q − 1)p
−(t − 1)2d
Let si (0 ≤ i ≤ 4) be the automorphisms on K defined by si(α j) = sqi (α j) for j = 0, . . . , 4, and
si( f ) = f , for f = x, y, q, p, t, d, and let σi (1 ≤ i ≤ 3) be the automorphisms on K defined by
σi(α j) = σqi (α j) for j = 0, . . . , 4, and σi( f ) = f for f = x, y, q, p, t, d.
The automorphisms sq for s ∈ {s0, s1, s2, s3, s4, σ1, σ2, σ3} are expressed as compositions
of transformations s for parameters and transformations Rqs for variables, that is, sq = s ◦ Rqs
(Theorem 2.4 [17]). The automorphism Rqs is a Ba¨cklund transformation for the quantum sixth
Painleve´ equation, which transforms a solution with the parameter α to a solution with the
parameter s(α). As for birational actions of the Weyl group of any symmetrizable generalized
Cartan matrix, see [10] and reference therein.
Let Lx, Lq be the Laplace transformations on K with respect to x, q, respectively, defined by
Lx (y) = x, Lx (x) = −y, Lq (p) = q, Lq (q) = −p.
Let Ad((x − c)β/ǫ1) for ( c ∈ C, β ∈ C) be the gauge transformations on K defined by
Ad((x − c)β) (y) = y − β
x − c .
Let Ad((x − t)β/ǫ1) for (β ∈ C) be the gauge transformations on K defined by
Ad((x − t)β/ǫ1) (y) = y − β
x − t , Ad((x − t)
β/ǫ1) (d) = d + β/ǫ1
x − t .
Here, we have omitted to write the transformation on the variables if it acts identically. The
automorphisms Ad
(
(q − c)β/ǫ2
)
, Ad
(
(q − t)β/ǫ2
)
are defined in the same way above.
Definition 2.2 (cf. [17]). Let the automorphisms Rxsi(αi) (i = 0, 1, 2, 3, 4) and Rσi (i = 1, 3),
Rxσ2(α2) on K be defined by
Rxs0(α0) = Ad
(
(x − t)−
α0
ǫ1
)
, Rxs1(α1) = id, Rxs2(α2) = L−1x ◦ Ad
(
x
− α2
ǫ1
)
◦ Lx,
Rxs3(α3) = Ad
(
(x − 1)−
α3
ǫ1
)
, Rxs4(α4) = Ad
(
x
− α4
ǫ1
)
,
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Rσ1 = (x 7→ 1 − x, q 7→ 1 − q, t 7→ 1 − t) , Rxσ2(α2) = Rxs4(α2 + ǫ1) ◦
(
x 7→ 1
x
, q 7→ 1
q
, t 7→ 1
t
)
,
Rσ3 =
(
x 7→ t − x
t − 1 , q 7→
t − q
t − 1 , t 7→
t
t − 1
)
.
Here, (x 7→ f (x, t), t 7→ g(x, t)) stands for a transformation of variables. The automorphisms
Rqsi(αi) (i = 0, 1, 2, 3, 4), Rqσ2(α2) are defined by replacing x, ǫ1 in Rxsi(αi), Rxσ2(α2) with q, ǫ2,
respectively.
Proposition 2.3 ([14]). The automorphisms Rxsi(αi) (i = 0, 1, 2, 3, 4), Rσi (i = 1, 3), Rxσ2(α2)
preserve the Hamiltonian HxVI(α) in the following sense:
Rxsi(αi)(HxVI(α)) = HxVI(si(α)) + Csi , Rσ1(HxVI(α)) = −HxVI(σ1(α)) +Cσ1 ,
Rxσ2(α2)(HxVI(α)) =
1
t
HxVI(σ2(α)) + Cσ2 , Rσ3(HxVI(α)) =
1
1 − t H
x
VI(σ3(α)) + Cσ3 ,
where
Cs0 =α0
(
α4 − ǫ1 + κx + κ
x(x − 1)
t − x
)
,
Cs1 =0,
Cs2 =α2(α3 + α1 + α2 + ǫ1 + (α0 + α1 + α2 + ǫ1 + κ)t),
Cs3 =α3((α4 − ǫ1)t − κx),
Cs4 =α4(α0 − ǫ2 + (α3 − ǫ1)t),
Cσ1 =(α2 + ǫ1)(α1 + α2 + ǫ1),
Cσ2 =
1
t
(α2 + ǫ1)(α0 + α1 + α2 + κ + t(α1 + α2 + α3),
Cσ3 =
t
t − 1 ((α2 + ǫ1)(α1 + α2 + ǫ1) − κ(x − 1)y) .
By definition, the automorphisms Rqsi(αi) (i = 0, 1, 2, 3, 4) and Rσi (i = 1, 3), Rqσ2(α2) act the
Hamiltonian HqVI(α) in the same way above.
Let D(α2) be defined by
D(α2) = yp + α2 + ǫ1
x − q y +
α2 + ǫ1
q − x p. (2.3)
We use this notation throughout the paper.
Definition 2.4. Let the automorphisms Rsi (i = 0, 1, 3, 4), Rσ2 , Ts0 s1s3s4s2 and S on K be defined
by
Rsi = R
x
si
(αi)Rqsi(αi), Rσ2 = Rqs4(α2 + ǫ1)Rxσ2 ,
Ts0 s1s3 s4s2 = R
x
s2
(−α2 − κ)Rxs0(α0)Rxs1(α1)Rxs3(α3)Rxs4(α4)Rqs0(α¯0)Rqs1(α¯1)Rqs3(α¯3)Rqs4(α¯4)Rqs2(α2 + κ),
S = Ad(D(α2)−1)Rxs2(α2)Rqs2(α2 + κ),
where α¯i = −s0s1s3s4s2(α0) = αi + α2 + κ for i = 0, 1, 3, 4.
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These automorphisms Rsi (i = 0, 1, 3, 4), Rσ2 and Ts0 s1s3s4s2 are naturally given by looking at
the change of parameters when the automorphisms Rxsi(αi), Rqsi(αi) act the quantum Lax opera-
tors.
Theorem 2.5. The automorphisms Rsi (i = 0, 1, 3, 4), Ts0 s1s3s4s2 and S act the quantum Lax
operators LVI(α) and BVI(α) as follows.
For s ∈ {s0, s1, s3, s4, σ1, σ2, σ3},
Rs (LVI(α), BVI(α)) = cs (LVI(s(α)), BVI(s(α)) + fs) ,
where
csi = 1 (i = 0, 1, 3, 4), cσ1 = −1, cσ2 =
1
t
, cσ3 =
1
1 − t ,
and
fs0 = −κα0(α4 + (t − 1)(ǫ1 + ǫ2)),
fs1 = 0,
fs3 = −κα3α4t,
fs4 = −κα4(α0 − ǫ1 − ǫ2 + α3t),
fσ1 = κ(α2 + ǫ1)(α1 + α2 + ǫ1),
fσ2 = −κ(α2 + ǫ1)(α0 + α1 + α2 − ǫ2 + (α1 + α2 + α3 + ǫ1)t),
fσ3 = κ(α2 + ǫ1)(α1 + α2 + ǫ1)t.
For the automorphism Ts0s1s3 s4s2 ,
lTs0 s1 s3 s4 s2 Ts0s1 s3s4s2 ((x − q)LVI(α)) = (x − q)LVI (s0s1s3s4s2(α)) , (2.4)
Ts0 s1s3 s4s2 (BVI(α)) = BVI (s0s1s3s4s2(α)) + fTs0 s1 s3 s4 s2 ,
where
fTs0 s1 s3 s4 s2 = −κ ((α2 + ǫ1)(α1 + α2 + α3 + α0t) + (α2 + κ)(α1 + α2 + ǫ1)t) ,
and lTs0 s1 s3 s4 s2 is some element in K whose explicit form is given in the proof.
For the automorphism S ,
yp
(
Rxs2(α2)Rqs2(α2 + κ) ((x − q)LVI(α))
)
D(α2)
= ((x − q)yp + (α2 + κ − ǫ2)y + (ǫ1 − α2)p)
(
D(α2) − (α2 + ǫ1)(ǫ1 + ǫ2)(x − q)2
)
LVI(α˜0, α˜1,−α2 − 2ǫ1, α˜3, α˜4),
S (BVI(α) + fS ) = BVI(α˜0, α˜1,−α2 − 2ǫ1, α˜3, α˜4) − D(α2)−1 2(α2 + ǫ1)ǫ1ǫ2(x − q)2 LVI(α˜0, α˜1,−α2 − 2ǫ1, α˜3, α˜4),
where α˜i = αi + α2 + ǫ1 (i = 0, 1, 3, 4) and
fS = κ(α2 + ǫ1)(α1 + α2 + α3 + ǫ1 + (α0 + α1 + α2 − ǫ2)t).
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Proof. A proof follows from direct computation. As an example, we compute (2.4) whose
precise form is
((x − q)p − α2 − κ) yRxs2(−α2 − κ)Rxs0(α0)Rxs3(α3)Rxs4(α4) ((x − q)LVI(α))
− ((x − q)y + α2 + κ) pR2s2(−α2 − κ)Rqs0(−α¯0)Rqs3(−α¯3)Rqs4(−α¯4) ((x − q)LVI(s0s1s3s4s2(α)) = 0.
(2.5)
From Proposition 2.3, we have
Rxs0(α3)Rxs3(α3)Rxs4(α0)
(
HxVI(α) −
κ
x − q x(x − 1)(q − t)y
)
= HxVI(s0s1s3s4(α)) − ǫ1((α4 + α3)t + α4 + α0)
− κ
x − q (x(x − 1)(q − t)y + α4t + (α4(q − t − 1) + α3(q − t) + α0(q − 1)) x) .
From Proposition 2.3 and above, we have
Rxs2(−α2 − κ)Rxs0(α0)Rxs3(α3)Rxs4(α4)
((x − q)HxVI(α) − κx(x − 1)(q − t)y)
= (x − q) (HxVI(s0s1s3s4s2(α)) + A1)
− κ((q − t)(x(x − 1)y + (α2 + κ)(2x − 1)) + α4t + B1x)
+
α2 + κ
y
(
HxVI(s0s1s3s4s2(α)) + A1 − κ(α2 − ǫ2)(q − t) − κB1
)
, (2.6)
where
A1 = −ǫ1((α4 + α3)t + α4 + α0) + (α2 + κ)(α3 + α1 + α2 + ǫ2 + (α0 + α1 + α2 + ǫ1)t),
B1 = α4(q − t − 1) + α3(q − t) + α0(q − 1).
In a similar way, we have
Rqs2(−α2 − κ)Rqs0(−α¯0)Rqs3(−α¯3)Rqs4(−α¯4)
(
(x − q)HqVI(s0s1s3s4s2(α)) − κq(q − 1)(x − t)p
)
= (x − q)
(
HqVI(α0, α1, α2 + κ, α3, α4) + A2
)
− κ((x − t)(q(q − 1)p + (α2 + κ)(2q − 1)) − (α4 + α2 + κ)t − B2q)
− α2 + κ
p
(
HqVI(α0, α1, α2 + κ, α3, α4) + A2 + κ(α2 + κ − ǫ2)(x − t) − κB2
)
, (2.7)
where
A2 = −ǫ2((α3 + α1 − κ + (α0 + α1 − κ)t − (α2 + κ)(α3 + α1 + α2 + ǫ1 + (α0 + α1 + α2 + ǫ2)t),
B2 = α1(t + 1 − x) + α0t + α3 + α2x + κ(2x + t + 1).
We substitute (2.6) and (2.7) into the left hand side of (2.5) and then we compute it directly
by using the commutation relations. After straightforward calculations, we obtain the relation
(2.5). 
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2.2. PV case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, αi
(0 ≤ i ≤ 3), ǫ1, ǫ2, and the commutation relations:
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + α1 + α2 + α3 = −ǫ1 + ǫ2.
Let HxV(α) (α = (α0, α1, α2, α3)) be the Hamiltonian for the quantum fifth Painleve´ equation
defined by
HxV(α) = (x − 1)(y + t)xy − (α1 + α3 − ǫ1)xy + α1y + (α2 + ǫ1)tx.
Let HqV(α) be defined by replacing x, y, ǫ1 in HxV(α) with q, p, ǫ2, respectively.
Let us introduce the quantum Lax operators LV(α) and BV(α) for the fifth Painleve´ equation
defined by
LV(α) = HxV(α0, α1, α2, α3) − HqV(α0 + κ, α1, α2 + κ, α3) −
κ
x − q (x(x − 1)y − q(q − 1)p),
BV(α) = ǫ2HxV(α0, α1, α2, α3) − ǫ1HqV(α0 + κ, α1, α2 + κ, α3) − κǫ1ǫ2td.
Let us recall the extended affine Weyl group W˜(A(1)3 ) symmetry of the quantum fifth Painleve´
equation. Here, W˜(A(1)3 ) = W(A(1)3 ) ⋊G, where W(A(1)3 ) = 〈s0, s1, s2, s3〉 is the affine Weyl group
of type A(1)3 and G = 〈π, σ〉 is the automorphism group of the Dynkin diagram of type A(1)3 .
Definition 2.6 (cf. [12]). Let the automorphisms sq for s ∈ {s0, s1, s2, s3, π, σ} on K be defined
by the following table:
z α0 α1 α2 α3 q p t d
s
q
0(z) −α0 α1 + α0 α2 α3 + α0 q + α0p+t p t d − α0/ǫ2p+t
s
q
1(z) α0 + α1 −α1 α2 + α1 α3 q p − α1q t d
s
q
2(z) α0 α1 + α2 −α2 α3 + α2 q + α2p p t d
s
q
3(z) α0 + α3 α1 α2 + α3 −α3 q p − α3q−1 t d
πq(z) α1 α2 α3 α0 − pt t(q − 1) t d + (1−q)ǫ2t p
σq(z) α2 α1 α0 α3 q p + t −t −d − q/ǫ2
Definition 2.7. Let the automorphisms Rxsi(αi) (i = 0, 1, 2, 3), Rxπ, Rσ on K be defined by
Rxs0(α0) = L−1x ◦ Ad
(
(x + t)−
α0
ǫ1
)
◦ Lx, Rxs1(α1) = Ad
(
x
− α1
ǫ1
)
,
Rxs2(α2) = L−1x ◦ Ad
(
x
− α2
ǫ1
)
◦ Lx, Rxs3(α3) = Ad
(
(x − 1)−
α3
ǫ1
)
,
Rxπ = (x 7→ t(x − 1)) ◦ Lx, Rσ = (t 7→ −t) ◦ Ad
(
exp
(
xt
ǫ1
))
◦ Ad
(
exp
(
qt
ǫ2
))
.
The automorphisms Rqsi(αi) (i = 0, 1, 2, 3), Rqπ are defined by replacing x, ǫ1 in Rxsi(αi), Rxπ with
q, ǫ2, respectively.
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Proposition 2.8 ([12], [17]). The automorphisms Rxsi(αi) (i = 0, 1, 2, 3), Rxπ, Rσ preserve the
Hamiltonian HxV(α) in the following sense.
Rxsi(αi)
(
HxV (α)
)
= HxV(si(α)) + Csi ,
Rxπ
(
HxV(α)
)
= HxV (π−1(α)) + Cπ, Rσ
(
HxV (α)
)
= HxV(σ(α)) +Cσ,
where
Cs0 = −α0(α2 + 2ǫ1 − ǫ2) + κt
α0
y + t
,
Cs1 = −α1(α3 + t − ǫ1),
Cs2 = −α2(α0 + 2ǫ1 − ǫ2 + t),
Cs3 = −α3(α1 − ǫ1),
Cπ = α3ǫ1 + α1(ǫ1 − t) − κǫ1(x − 1),
Cσ = (α1 − ǫ1 + κx)t.
By definition, the automorphisms Rqsi(αi) (i = 0, 1, 2, 3), Rqπ and Rσ act the Hamiltonian HqV(α)
in the same way above.
Definition 2.9. Let the automorphisms Rsi (i = 1, 3), Rπ, Tσs1 s3s2 , Ts1 s2s3π−1, S on K be defined
by
Rsi = R
x
si
(αi)Rqsi(αi), Rπ = RxπRqπ,
Tσs1 s3s2 = R
x
s2
(−α2 − κ)Rxs1(α1)Rxs3(α3)RσRqs1(α¯1)Rqs3(α¯3)Rqs2(α2 + κ),
Ts1 s2s3π−1 = R
x
πR
x
s3
(s1s2(α3))Rxs2(s1(α2))Rxs1(α1)Rqs1(−α1 + κ)Rqs2(−s1(α2))Rqs3(−s1s2(α3))
(
Rqπ
)−1
,
S = Ad(D(α2)−1)Rxs2(α2)Rqs2(α2 + κ),
where α¯i = −σs1s3s2(αi) = αi + α2 + κ for i = 1, 3, and D(α2) is given in (2.3).
Theorem 2.10. The automorphisms Rsi (i = 1, 3), Rσ, R2π, Tσs1s3 s2 , Ts1 s2s3π−1 and S act the
quantum Lax operators LV(α) and BV(α) as follows.
For the automorphisms Rs (s ∈ {s1, s3, σ}),
Rs (LV(α), BV(α)) = (LV(s(α)), BV(s(α)) + fs) ,
where
fs1 = κα1(α3 + t), fs3 = κα1α3, fσ = −κα1t.
For the automorphism R2π,
R2π ((x − q)LV(α), BV(α)) =
(
(q − x)LV(π2(α)), BV(π2(α)) − κ(α2 + α3 + κ)t
)
.
For the automorphisms Tr (r ∈ {σs1s3s2, s1s2s3π−1}),
lTrTr ((x − q)LV(α)) = (x − q)LV (r(α)) , (2.8)
Tr (BV(α)) = BV (r(α)) + fTr ,
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where
fTσs1 s3 s2 = κ(α2 − κ)(α0 − t), fTs1 s2 s3π−1 = 0,
and lTσs1 s3 s2 , lTs1 s2 s3π−1 are some elements in K whose explicit forms are given in the proof.
For the automorphism S ,
yp
(
Rxs2(α2)Rqs2(α2 + κ) ((x − q)LV(α))
)
D(α2)
= ((x − q)yp + (α2 + κ − ǫ2)y + (ǫ1 − α2)p)
(
D(α2) − (α2 + ǫ1)(ǫ1 + ǫ2)(x − q)2
)
LV(α0, α˜1,−α2 − 2ǫ1, α˜3),
S (BV(α) + fS ) = BV(α0, α˜1,−α2 − 2ǫ1, α˜3) − D(α2)−1 2(α2 + ǫ1)ǫ1ǫ2(x − q)2 LV(α0, α˜1,−α2 − 2ǫ1, α˜3),
where α˜i = αi + α2 + ǫ1 (i = 1, 3) and
fS = κ(α2 + ǫ1)(α1 + α2 + α3 + ǫ1 + t).
Proof. For the cases of the automorphisms Tr (r ∈ {σs1s3s2, s1s2s3π−1} acting LV(α), we show
that
((x − q)p − α2 − κ) yRxs2(−α2 − κ)Rxs1(α1)Rxs3(α3)Ad
(
exp
(
− xt
ǫ1
))
((x − q)LV(α))
= ((x − q)y + α2 + κ) pR2s2(−α2 − κ)Rqs1(α¯1)Rqs3(α¯3)
◦ (t 7→ −t)Ad
(
exp
(
−qt
ǫ2
))
((x − q)LV(σs1s3s2(α)) , (2.9)
ARxπ
(
(x − 1)Rxs3(s1s2(α3))
(
yRxs2(s1(α2))Rxs1(α1) ((x − q)LV(α))
))
= BRqπ
(
(q − 1)Rqs3(s1s2(α3))
(
pRqs2(s1(α2))Rqs1(α1 − κ)
(
(x − q)LV(s1s2s3π−1(α))
)))
, (2.10)
which are the explicit forms of (2.8). Here A, B are elements in K such that
A = a0,3 p3 − q − 1
x − 1yp
2 + a0,2 p2 + (α3 − ǫ2 + t(1 − q)(1 + x))yp + a1,0y + a0,1 p + a0,0,
B = y3 + b2,1y2 p + b2,0y2 + b1,1yp + b1,0y + b0,1 p + b0,0.
where ai, j, bi, j are rational functions of x, q, t, αi (i = 1, 2, 3), ǫ1, ǫ2. We omit the proofs of (2.9),
(2.10), since they are similar to that of Theorem 2.5.
Proofs of the other cases follow from direct computations by using Proposition 2.8. 
Actions involving Rxs0(α0), Rqs0(α0) on the quantum Lax operators can be obtained from The-
orem 2.10, because of the relations
RσRxs0(α2)Rσ = Rxs2(α2), RσRqs0(α2)Rσ = Rqs2(α2).
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2.3. PIV case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, αi
(0 ≤ i ≤ 2), ǫ1, ǫ2, and the commutation relations:
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + α1 + α2 = −ǫ1 + ǫ2.
Let HxIV(α) (α = (α0, α1, α2)) be the Hamiltonian for the quantum fourth Painleve´ equation
defined by
HxIV(α) = yxy − xyx − txy − α2x − α1y.
Let HqIV(α) be defined by replacing x, y, ǫ1, ǫ2 in HxIV(α) with q, p, ǫ2, ǫ1, respectively.
Let us introduce the quantum Lax operators LIV(α) and BIV(α) for the fourth Painleve´ equa-
tion defined by
LIV(α) = HxIV(α0, α1, α2) − HqIV(α0 + κ, α1, α2 + κ) −
κ
x − q(xy − qp),
BIV(α) = ǫ2HxIV(α0, α1, α2) − ǫ1HqIV(α0 + κ, α1, α2 + κ) − κǫ1ǫ2d.
Let us recall the extended affine Weyl group W˜(A(1)2 ) symmetry of the quantum fourth Painleve´
equation. Here, W˜(A(1)2 ) = W(A(1)2 ) ⋊G, where W(A(1)2 ) = 〈s0, s1, s2〉 is the affine Weyl group of
type A(1)2 and G = 〈π, σ〉 is the automorphism group of the Dynkin diagram of type A(1)2 .
Definition 2.11 (cf. [12]). Let the automorphisms sq for s ∈ {s0, s1, s2, π, σ} on K be defined by
the following table:
z α0 α1 α2 q p t d
s
q
0(z) −α0 α1 + α0 α2 + α0 q + α0p−q−t p + α0p−q−t t d + α0/ǫ2p−q−t
s
q
1(z) α0 + α1 −α1 α2 + α1 q p − α1q t d
s
q
2(z) α0 + α2 α1 + α2 −α2 q + α2p p t d
πq(z) α1 α2 α0 −p −p + q + t t d − p
σq(z) α2 α1 α0
√
−1q −
√
−1(p − q − t) √−1t √−1(−d + q
ǫ2
)
Definition 2.12 (cf. [17]). Let the automorphisms Rxsi(αi) (i = 0, 1, 2), Rxπ, Rσ on K be defined
by
Rxs0(α0) = Ad
(
exp
((
x2
2
+ xt
)
1
ǫ1
))
◦ L−1x ◦ Ad(x−
α0
ǫ1 ) ◦ Lx ◦ Ad
(
exp
((
− x
2
2
− xt
)
1
ǫ1
))
,
Rxs1(α1) = Ad(x−
α1
ǫ1 ), Rxs2(α2) = L−1x ◦ Ad(x−
α2
ǫ1 ) ◦ Lx,
Rxπ = Lx ◦ Ad
(
exp
((
− x
2
2
− xt
)
1
ǫ1
))
,
Rσ =
(
x 7→
√
−1x, q 7→
√
−1q, t 7→
√
−1t
)
◦ Ad
(
exp
((
− x
2
2
− xt
)
1
ǫ1
))
◦ Ad
(
exp
((
−q
2
2
− qt
)
1
ǫ2
))
.
The automorphisms Rqsi(αi) (i = 0, 1, 2), Rqπ are defined by replacing x, ǫ1 in Rxsi(αi), Rxπ with q,
ǫ2, respectively.
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Proposition 2.13 ([12], [17]). The automorphisms Rxsi(αi) (i = 0, 1, 2), Rxπ, Rσ preserve the
Hamiltonian HxIV(α) in the following sense.
Rxsi(αi)
(
HxIV(α)
)
= HxIV(si(α)) +Csi ,
Rxπ
(
HxIV(α)
)
= HxIV(π−1(α)) +Cπ, Rσ
(
HxIV(α)
)
= −
√
−1HxIV(σ(α)) + Cσ,
where
Cs0 = −
κα0
y − x − t , Cs1 = −α1t, Cs2 = α2t,
Cπ = −α1t − κy, Cσ = −
√
−1((α1 − ǫ1)t − κx).
By definition, the automorphisms Rqsi(αi) (i = 0, 1, 2), Rqπ and Rσ act the Hamiltonian HqIV(α)
in the same way above.
Definition 2.14. Let the automorphisms Rs1 , Tσs1 s2 , Ts1 s2π−1 , S on K be defined by
Rs1 = R
x
s1
(α1)Rqs1(α1),
Tσs1s2 = R
x
s2
(−α2 − κ)Rxs1(α1)RσRqs1(−σs1s2(α1))Rqs2(α2 + κ),
Ts1s2π−1 = R
x
πR
x
s2
(α1 + α2)Rxs1(α1)Rqs1(−α1 + κ)Rqs2(α0 + κ)
(
Rqπ
)−1
,
S = Ad(D(α2)−1)Rxs2(α2)Rqs2(α2 + κ).
Theorem 2.15. The automorphisms Rs1 , Rσ, Tσs1 s2 , Ts1 s2π−1 and S act the quantum Lax opera-
tors LIV(α) and BIV(α) as follows.
For the automorphisms Rs (s ∈ {s1, σ}),
Rs (LIV(α), BIV(α)) = cs (LIV(s(α)), BIV(s(α)) + fs) ,
where
cs1 = 1, cσ = −
√
−1, fs1 = κα1t, fσ = −κα1t.
For the automorphism Tr (r ∈ {σs1s2, s1s2π−1},
lTrTr ((x − q)LIV(α)) = (x − q)LIV (r(α)) , (2.11)
Tr (BIV(α)) = −
√
−1BIV (r(α)) + fTr ,
where
fTσs1 s2 = −κ(α2 + κ)t, fTs1 s2π−1 = 0,
and lTσs1 s2 , lTs1 s2π−1 are some elements in K whose explicit forms are given in the proof.
For the automorphism S ,
yp
(
Rxs2(α2)Rqs2(α2 + κ) ((x − q)LIV(α))
)
D(α2)
= ((x − q)yp + (α2 + κ − ǫ2)y + (ǫ1 − α2)p)
(
D(α2) − (α2 + ǫ1)(ǫ1 + ǫ2)(x − q)2
)
LIV(α0, α˜1,−α2 − 2ǫ1),
S (BIV(α) + fS ) = BIV(α0, α˜1,−α2 − 2ǫ1) − D(α2)−1 2(α2 + ǫ1)ǫ1ǫ2(x − q)2 LIV(α0, α˜1,−α2 − 2ǫ1),
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where α˜1 = α1 + α2 + ǫ1 and
fS = κ(α2 + ǫ1)t.
Proof. For the cases of the automorphisms Tr (r ∈ {σs1s2, s1s2π−1} acting LIV(α), we show that
((x − q)p − α2 − κ) yRxs2(−α2 − κ)Rxs1(α1)Ad
(
exp
((
− x
2
2
− xt
)
1
ǫ1
))
((x − q)LIV(α))
= ((x − q)y + α2 + κ) pR2s2(−α2 − κ)Rqs1(σs1s2(α1))
◦
(
x 7→
√
−1x, q 7→
√
−1q, t 7→
√
−1t
)
Ad
(
exp
((
−q
2
2
− qt
)
1
ǫ2
))
((x − q)LIV(σs1s2(α)) ,
(2.12)
ARxπ
(
yRxs2(s1(α2))Rxs1(α1) ((x − q)LIV(α))
)
= BRqπ
(
pRqs2(s1(α2))Rqs1(α1 − κ)
(
(x − q)LIV(s1s2π−1(α))
))
, (2.13)
which is the explicit form of (2.11). Here A, B are elements in K such that
A = a0,3 p3 − yp2 + a0,2 p2 + (q − x + t)yp + (α1 + α2 + (q + t)x)y + a0,1 p + a0,0,
B = b3,0y3 + b2,1y2 p + b2,0y2 + b1,1yp + b1,0y + b0,1 p + b0,0.
where ai, j, bi, j are rational functions of x, q, t, αi (i = 1, 2, 3), ǫ1, ǫ2. We omit the proofs of
(2.12), (2.13), since they are similar to that of Theorem 2.5.
Proofs of the other cases follow from direct computations by using Proposition 2.13. 
Actions involving Rxs0(α0), Rqs0(α0) on the quantum Lax operators can be obtained from The-
orem 2.15, because of the relations
(Rσ)−1 Rxs0(α2)Rσ = Rxs2(α2), (Rσ)−1 Rqs0(α2)Rσ = Rqs2(α2).
2.4. PIII case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, αi
(0 ≤ i ≤ 2), ǫ1, ǫ2, and the commutation relations:
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + 2α1 + α2 = −ǫ1 + ǫ2.
Let HxIII(α) (α = (α0, α1, α2)) be the Hamiltonian for the quantum third Painleve´ equation
defined by
HxIII(α) = xyxy − xyx + (α0 + α2 + ǫ1)xy − α2x + ty.
Let HqIII(α) be defined by replacing x, y, ǫ1, ǫ2 in HxIII(α) with q, p, ǫ2, ǫ1, respectively.
Let us introduce the quantum Lax operators LIII(α) and BIII(α) for the third Painleve´ equation
defined by
LIII(α) =HxIII(α0, α1, α2) − HqIII(α0 + κ, α1, α2 + κ) −
κxq
x − q(y − p),
BIII(α) =ǫ2HxIII(α0, α1, α2) − ǫ1HqIII(α0 + κ, α1, α2 + κ) − κǫ1ǫ2td.
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Let us recall the extended affine Weyl group W˜(C(1)2 ) symmetry of the quantum third Painleve´
equation. Here, W˜(C(1)2 ) = W(C(1)2 ) ⋊G, where W(C(1)2 ) = 〈s0, s1, s2〉 is the affine Weyl group of
type C(1)2 and G = 〈σ〉 is the automorphism group of the Dynkin diagram of type C(1)2 .
Definition 2.16 (cf. [13], [7]). Let the automorphisms sq for s ∈ {s0, s1, s2, σ} on K be defined
by the following table:
z α0 α1 α2 q p z d
s
q
0(z) −α0 α1 + α0 α2 q + α0p−1 p t d
s
q
1(z) α0 + 2α1 −α1 α2 + 2α1 q p − 2α1q + tq2 −t −d + 1ǫ2q
s
q
2(z) α0 α1 + α2 −α2 q + α2p p t d
σq(z) α2 α1 α0 −q 1 − p −t −d
Definition 2.17 (cf. [17]). Let the automorphisms Rxsi(αi) (i = 0, 1, 2), Rσ on K be defined by
Rxs0(α0) = L−1x ◦ Ad
(
(x − 1)−
α0
ǫ1
)
◦ Lx,
Rxs1(α1) = (t 7→ −t) ◦ Ad
(
exp
(
− t
ǫ1x
)
x
− 2α1
ǫ1
)
,
Rxs2(α2) = L−1x ◦ Ad
(
x
− α2
ǫ1
)
◦ Lx,
Rσ = (x 7→ −x, q 7→ −q, t 7→ −t) ◦ Ad
(
exp
(
− x
ǫ1
))
◦ Ad
(
exp
(
− q
ǫ2
))
.
The automorphisms Rqsi(αi) (i = 0, 1, 2) are defined by replacing x, ǫ1 in Rxsi(αi), with q, ǫ2,
respectively.
Proposition 2.18 ([17]). The automorphisms Rxsi(αi) (i = 0, 1, 2), Rσ preserve the Hamiltonian
HxIII(α) in the following sense.
Rxsi(αi)
(
HxIII(α)
)
= HxIII(si(α)) + Csi ,
Rσ
(
HxIII(α)
)
= HxIII(σ(α)) + Cσ,
where
Cs0 = −(α0 + ǫ1)(α2 + ǫ1), Cs1 = 2α1ǫ2 − t −
κt
x
, Cs2 = −α2(α0 + ǫ1), Cσ = κt.
By definition, the automorphisms Rqsi(αi) (i = 0, 1, 2) and Rσ act the Hamiltonian HqIII(α) in
the same way above.
Definition 2.19. Let the automorphisms Rs1 , Tσs1 s2 , S on K be defined by
Rs1 = R
x
s1
(α1)Rqs1(α1),
Tσs1 s2 = R
x
s2
(−α2 − κ)Rxs1(α1)Rσ(t 7→ t)Rqs1(−σs1s2(α1))Rqs2(α2 + κ),
S = Ad(D(α2)−1)Rxs2(α2)Rqs2(α2 + κ).
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Theorem 2.20. The automorphisms Rs1 , Rσ, Tσs1 s2 and S act the quantum Lax operators LIII(α)
and BIII(α) as follows.
For the automorphisms Rs (s ∈ {s1, σ}),
Rs (LIII(α), BIII(α)) = (LIII(s(α)), BIII(s(α)) + fs) ,
where
fs1 = κ(t − 2α1(ǫ1 + ǫ2)), fσ = κt.
For the automorphism Tσs1s2 ,
lTσs1 s2 Tσs1s2 ((x − q)LIII(α)) = (x − q)LIII (σs1s2(α)) , (2.14)
Tσs1 s2 (BIII(α)) = BIII (σs1s2(α)) + fTσs1 s2 ,
where
fTσs1 s2 = κα0(α2 + 2ǫ1).
and lTσs1 s2 is some element in K whose explicit form is given in the proof.
For the automorphism S ,
yp
(
Rxs2(α2)Rqs2(α2 + κ) ((x − q)LIII(α))
)
D(α2)
= ((x − q)yp + (α2 + κ − ǫ2)y + (ǫ1 − α2)p)
(
D(α2) − (α2 + ǫ1)(ǫ1 + ǫ2)(x − q)2
)
LIII(α0, α˜1,−α2 − 2ǫ1),
S (BIII(α) + fS ) = BIII(α0, α˜1,−α2 − 2ǫ1) − D(α2)−1 2(α2 + ǫ1)ǫ1ǫ2(x − q)2 LIII(α0, α˜1,−α2 − 2ǫ1),
where α˜1 = α1 + α2 + ǫ1 and
fS = −κ(α0 + ǫ1)(α2 + ǫ1).
Proof. For the cases of the automorphisms Tσs1s2 acting LIII(α), we show that
((x − q)p − α2 − κ) yRxs2(−α2 − κ)Rxs1(α1)Ad
(
exp
((
− t
x
− x
) 1
ǫ1
)
x
− 2α1
ǫ1
)
((x − q)LIII(α))
= − ((x − q)y + α2 + κ) pR2s2(−α2 − κ)Rqs1(σs1s2(α1))
◦ (x 7→ −x, q 7→ −q) Ad
(
exp
((
− t
q
− q
)
1
ǫ2
)
q−
2σs1 s2(α1)
ǫ2
)
((x − q)LIII(σs1s2(α)) , (2.15)
which is the explicit form of (2.14). We omit the proofs of (2.15), since they are similar to that
of Theorem 2.5.
Proofs of the other cases follow from direct computations by using Proposition 2.18. 
Actions involving Rxs0(α0), Rqs0(α0) on the quantum Lax operators can be obtained from The-
orem 2.20, because of the relations
RσRxs0(α2)Rσ = Rxs2(α2), RσRqs0(α2)Rσ = Rqs2(α2).
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2.5. PD7III case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, α0, α1,
ǫ1, ǫ2, and the commutation relations:
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + α1 = −ǫ1 + ǫ2.
Let HD7 ,xIII (α) (α = (α0, α1)) be the Hamiltonian for the quantum third Painleve´ equation of
type D7 defined by
HD7,xIII (α) = xyxy + (−α0 + ǫ2)xy + ty + x.
Let HD7,qIII (α) be defined by replacing x, y, ǫ1, ǫ2 in HD7,xIII (α) with q, p, ǫ2, ǫ1, respectively.
Let us introduce the quantum Lax operators LD7III (α) and BD7III (α) for the third Painleve´ equation
of type D7 defined by
LD7III (α) =HD7 ,xIII (α0, α1) − HD7 ,qIII (α0, α1 + 2κ) −
κxq
x − q (y − p),
BD7III (α) =ǫ2HD7,xIII (α0, α1) − ǫ1HD7,qIII (α0, α1 + 2κ) − κǫ1ǫ2td.
We introduce the extended affine Weyl group W˜(A(1)1 ) symmetry of the quantum third Painleve´
equation of type D7. Here, W˜(A(1)1 ) = W(A(1)1 ) ⋊ G, where W(A(1)1 ) = 〈s0, s1〉 is the affine Weyl
group of type A(1)1 and G = 〈π〉 is the automorphism group of the Dynkin diagram of type A(1)1 .
Definition 2.21. Let the automorphisms sq for s ∈ {s0, s1, π} on K be defined by the following
table:
z α0 α1 q p t d
s
q
0(z) −α0 α1 + 2α0 q p − α0q + tq2 −t −d + 1ǫ2q
s
q
1(z) α0 + 2α1 −α1 −q − α1p − 1p2 −p −t −d
πq(z) α1 α0 tp −qt −t −d − qpǫ2t
Definition 2.22. Let the automorphisms Rxsi(αi) (i = 0, 1), Rxπ on K be defined by
Rxs0(α0) = (t 7→ −t) ◦ Ad
(
exp
(
− t
ǫ1x
)
x
− α0
ǫ1
)
,
Rxπ =
(
x 7→ − x
t
, t 7→ −t
)
◦ Lx,
Rxs1(α1) = Rxπ ◦ Rxs0(α1) ◦ Rxπ.
The automorphisms Rqsi(αi) (i = 0, 1) and Rqπ are defined by replacing x, ǫ1 in Rxsi(αi), Rxπ with q,
ǫ2, respectively.
Proposition 2.23. The automorphisms Rxs0(α0), Rπ preserve the Hamiltonian HD7,xIII (α) in the
following sense.
Rxs0(α0)
(
HD7 ,xIII (α)
)
= HD7 ,xIII (s0(α)) +Cs0 ,
Rπ
(
HD7 ,xIII (α)
)
= HD7 ,xIII (π(α)) +Cπ,
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where
Cs0 = ǫ2α0 −
κt
x
, Cπ = −ǫ1α1 + κxy.
By definition, the automorphisms Rqs0(α0) and Rπ act the Hamiltonian HD7 ,qIII (α) in the same
way above.
Definition 2.24. Let the automorphisms Rs0 , Ts0π, S on K be defined by
Rs0 = R
x
s0
(α0)Rqs0(α0),
Ts0π = R
q
s0(−α0 + κ)
(
Rqπ
)−1 RxπRxs0(α0),
S = Ad(D−1III )RqπRqs0(α0),
where
DIII =
x
x − qy +
q
q − x p.
Theorem 2.25. The automorphisms Rs0 , Ts0π and S act the quantum Lax operators L
D7
III (α) and
BD7III (α) as follows.
For the automorphisms Rs0 ,
Rs0
(
LD7III (α), BD7III (α)
)
=
(
LD7III (s0(α)), BD7III (s0(α)) − κα0(ǫ1 + ǫ2)
)
.
For the automorphism Ts0π,
lTs0πTs0π
(
(x − q)LD7III (α)
)
= (x − q)LD7III (s0π(α)) , (2.16)
Ts0π
(
BD7III (α)
)
= BD7III (s0π(α)) + (α0 − ǫ1)κ2,
where lTs0π is some element in K whose explicit form is given in the proof.
For the automorphism S ,(
RqπR
q
s0
(α0)
(
(x − q)LD7III (α)
))
DIII
=
(
1
x − q
(
x +
tǫ2
q − x − tp
) (
ǫ1q + ǫ2x
x − q + qp − xy
)
+
κx
x − q
)
LD7III (α0 + ǫ1, α1 − ǫ1),
S
(
BD7III (α)
)
=
(
x
x − qy +
q
q − x p
)
BD7III (α0 + ǫ1, α1 − ǫ1) − ǫ1ǫ2D−1III
x + q
(x − q)2 L
D7
III (α0 + ǫ1, α1 − ǫ1).
Proof. For the cases of the automorphisms Ts0π acting LD7III (α), we show that
(−tp + x) RxπRxs0(α0)
(
(x − q)LD7III (α)
)
= − (ty − q) RqπRqs0(α0 − κ)
(
(x − q)LD7III (s0π(α)
)
, (2.17)
which is the explicit form of (2.16). We omit the proofs of (2.17), since they are similar to that
of Theorem 2.5.
Proofs of the other cases follow from direct computations by using Proposition 2.23. 
Actions involving Rxs1(α1), Rqs1(α1) on the quantum Lax operators can be obtained from The-
orem 2.25, because of the definitions of Rxs1(α1), Rqs1(α1).
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2.6. PII case. Let K be the skew field over C defined by the generators x, y, q, p, t, d, α0, α1,
ǫ1, ǫ2, and the commutation relations:
[y, x] = ǫ1, [p, q] = ǫ2, [d, t] = 1,
and the other commutation relations are zero, and a relation α0 + α1 = −ǫ1 + ǫ2.
Let HxII(α) (α = (α0, α1)) be the Hamiltonians for the quantum second Painleve´ equation
defined by
HxII(α) =
y2
2
− xyx − t
2
y − α1x.
Let HqII(α) be defined by replacing x, y, ǫ1, ǫ2 in HxII(α) with q, p, ǫ2, ǫ1, respectively.
Let us introduce the quantum Lax operators LII(α) and BII(α) for the second Painleve´ equation
defined by
LII(α) =HxII(α0, α1) − HqII(α0 + κ, α1 + κ) −
κ
2(x − q)(y − p),
BII(α) =ǫ2HxII(α0, α1) − ǫ1HqII(α0 + κ, α1 + κ) − κǫ1ǫ2d.
Let us recall the extended affine Weyl group W˜(A(1)1 ) symmetry of the quantum second
Painleve´ equation. Here, W˜(A(1)1 ) = W(A(1)1 ) ⋊ G, where W(A(1)1 ) = 〈s0, s1〉 is the affine Weyl
group of type A(1)1 and G = 〈π〉 is the automorphism group of the Dynkin diagram of type A(1)1 .
Definition 2.26 (cf. [12], [17]). Let the automorphisms sq for s ∈ {s0, s1, π} on K be defined by
the following table:
z α0 α1 q p t d
s
q
0(z) −α0 α1 + 2α0 q + α0f p + 2qα0f + 2α0f q + 2
α20
f 2 t d +
α0/ǫ2
f
s
q
1(z) α0 + 2α1 −α1 q + α1p p t d
πq(z) α1 α0 −q − f t d − qǫ2
where f = p − 2q2 − t.
Definition 2.27 (cf. [17]). Let the automorphisms Rxsi(αi) (i = 0, 1), Rπ on K be defined by
Rxs1(α1) = L−1x ◦ Ad(x−
α1
ǫ1 ) ◦ Lx,
Rπ = (x 7→ −x, q 7→ −q) ◦ Ad
(
exp
((
−2
3
x3 − xt
)
1
ǫ1
))
◦ Ad
(
exp
((
−2
3
q3 − qt
)
1
ǫ2
))
,
Rxs0(α0) = Rπ ◦ Rxs1(α0) ◦ Rxπ.
The automorphisms Rqsi(αi) (i = 0, 1, 2) are defined by replacing x, ǫ1 in Rxsi(αi), with q, ǫ2,
respectively.
Proposition 2.28 ([17]). The automorphisms Rxsi(αi) (i = 0, 1), Rπ preserve the Hamiltonian
HxII(α) in the following sense.
Rxsi(αi)
(
HxII(α)
)
= HxII(si(α)) + Csi ,
Rπ
(
HxII(α)
)
= HxII(π(α)) +Cπ,
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where
Cs0 = −
κα0
f , Cs1 = 0, Cπ = −κx.
By definition, the automorphisms Rqsi(αi) (i = 0, 1) and Rπ act the Hamiltonian HqII(α) in the
same way above.
Definition 2.29. Let the automorphisms Tπs1 , S on K be defined by
Tπs1 = R
x
s1
(−α1 − κ)RπRqs1(α1 + κ),
S = Ad(D(α1)−1)Rxs1(α1)Rqs1(α1 + κ).
Theorem 2.30. The automorphisms Rπ, Tπs1 and S act the quantum Lax operators LII(α) and
BII(α) as follows.
For the automorphism Rπ,
Rπ (LII(α), BII(α)) = (LII(π(α)), BII(π(α))) .
For the automorphism Tπs1 ,
lTπs1 Tπs1 ((x − q)LII(α)) = (q − x)LII (πs1(α)) , (2.18)
Tπs1 (BII(α)) = BII (πs1(α)) ,
where lTπs1 is some element in K whose explicit form is given in the proof.
For the automorphism S ,
yp
(
Rxs1(α1)Rqs1(α1 + κ) ((x − q)LII(α))
)
D(α1)
= ((x − q)yp + (α1 + κ − ǫ2)y + (ǫ1 − α1)p)
(
D(α1) − (α1 + ǫ1)(ǫ1 + ǫ2)(x − q)2
)
LII(α1 + ǫ1 + ǫ2,−α1 − 2ǫ1),
S (BII(α)) = BII(α1 + ǫ1 + ǫ2,−α1 − 2ǫ1) − D(α1)−1 2(α1 + ǫ1)ǫ1ǫ2(x − q)2 LII(α1 + ǫ1 + ǫ2,−α1 − 2ǫ1).
Proof. For the cases of the automorphisms Tπs1 acting LII(α), we show that
((x − q)p − α2 − κ) yRxs1(−α1 − κ)Ad
(
exp
((
−23 x
3 − xt
)
1
ǫ1
))
((x − q)LII(α))
= − ((x − q)y + α2 + κ) pRqs1(−α1 − κ)
◦ (x 7→ −x, q 7→ −q) Ad
(
exp
((
−2
3
q3 − qt
)
1
ǫ2
))
((x − q)LII(πs1(α)) , (2.19)
which is the explicit form of (2.18). We omit the proofs of (2.19), since they are similar to that
of Theorem 2.5.
Proofs of the other cases follow from direct computations by using Proposition 2.28. 
Actions involving Rxs0(α0), Rqs0(α0) on the quantum Lax operators can be obtained from The-
orem 2.30, because of the definitions of Rxs0(α0), Rqs0(α0).
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3. Derivation of the quantum Lax pair from CFT
In this section, we derive the quantum Lax operators LJ and BJ (J = I, . . .VI) from Virasoro
conformal field theory. Note that the quantum Lax operators LJ and BJ introduced in section
2 are linear combinations of LJ and BJ in this section, up to gauge transformations, and the
parameters αi in section 2 are also linear combinations of ai in this section (see Remark 3.1).
The central charge c and conformal dimension (L0-eigen value) h of the Virasoro algebra
[Lm, Ln] = (m − n)Lm+n + c12 (m3 − m)δm+n,0 are parameterized as [1]
c = 1 + 6(ǫ1 + ǫ2)
2
ǫ1ǫ2
, h(α) =
α
2 (ǫ1 + ǫ2 − α2 )
ǫ1ǫ2
. (3.1)
Following [15], we introduce the k-th confluent operator Φ[k](z), depending on parameters
u0, . . . , uk as
Φ[k](z) = exp
{
u0ϕ(z) + u11!ϕ
′(z) + · · · + ukk!ϕ
(k)(z)
}
, (3.2)
where ϕ(z) is a free boson such that ϕ(z)ϕ(w) = log(z − w) + regular. Φ[0] corresponds to the
usual primary field. The OPEs of Φ[k] with J(z) = ϕ′(z) and T (z) = 12 J(z)2 + ρJ′(z) are
J(z)Φ[k](w) =
∑
n
J(w)n (z − w)−n−1Φ[k](w) = {
uk
(z − w)k+1 +
uk−1
(z − w)k + · · · }Φ
[k](w),
J(z)Φ[k](∞) =
∑
n
J(∞)n zn−1Φ[k](∞) = {ukzk−1 + uk−1zk−2 + · · · }Φ[k](∞),
T (z)Φ[k](w) =
∑
n
L(w)n (z − w)−n−2Φ[k](w) = {
u2k
2(z − w)2k+2 +
ukuk−1
(z − w)2k+1 + · · · }Φ
[k](w),
T (z)Φ[k](∞) =
∑
n
L(∞)n z
n−2Φ[k](∞) = {u
2
k
2
z2k−2 + ukuk−1z
2k−3 + · · · }Φ[k](∞).
More explicitly, in case of k = 3 for instance, we have
T (z)Φ[k]u0,··· ,u3(∞) = {
u23
2
z4 + u3u2z
3 + (u
2
2
2
+ u3u1)z2 + (u2u1 + u3u0 + 2ρu3)z
+ (u
2
1
2
+ u2u0 + u3
∂
∂u1
+ ρu2) + (u1u0 + u2 ∂
∂u1
+ u3
∂
∂u2
)z−1 + · · · }Φ[k](∞). (3.3)
3.1. PVI case. Let ΨCFTVI (q, x, t) be a correlation function on P1 defined as
ΨCFTVI = 〈OVI〉, OVI = Φh0(0)Φh1(1)Φht(t)Φh∞(∞)Φhq(q)Φhx(x), (3.4)
where Φhi is the primary field of dimension hi = h(ai), (i = 0, 1, t,∞, q, x). We put2 aq = −ǫ1
and ax = −ǫ2, then we have the null field constraints
L(q)−2Φhq(q) = −
ǫ2
ǫ1
∂2
∂q2
Φhq(q), L(x)−2Φhx(x) = −
ǫ1
ǫ2
∂2
∂x2
Φhx(x). (3.5)
2We apply these specializations also for J = II, · · · ,V cases below.
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From the residue theorem ∑poles Res(ξ(z)〈T (z)O〉dz) = 0 for the vector field ξLVI(z) ∂∂z =
z(z−1)(z−t)
(z−q)(z−x)
∂
∂z
, we obtain a linear relation between {L(i)0 }i=0,1,t,∞,q,x, L(q)−1 , L(q)−2, L(x)−1 and L(x)−2 which gives
a differential equation for ΨCFTVI of second order in q and x. Under the gauge transformation
ΨCFTJ = gJΨJ where gJ = (x − q)−
1
2 fJ(x)
1
2ǫ1 fJ(q)
1
2ǫ2 with fVI(z) = za0(z − 1)a1(z − t)at , we obtain
the desired equation LVIΨVI = 0. Similarly, taking the vector field as ξBVI(z) = z(z−1)z−q , we have
the deformation equation BVIΨVI = 0. The final results are as follows
LVI = − (x − 1)x(x − t)
{at − ǫ2
x − t +
a0 − ǫ2
x
+
a1 − ǫ2
x − 1 +
ǫ2 − ǫ1
x − q
}
ǫ1∂x
+ (q − 1)q(q − t)
{at − ǫ1
q − t +
a0 − ǫ1
q
+
a1 − ǫ1
q − 1 +
ǫ1 − ǫ2
q − x
}
ǫ2∂q
+C(q − x) − (x − 1)x(x − t)ǫ12∂x2 + (q − 1)q(q − t)ǫ22∂q2,
BVI =(q − 1)q
{
− at
q − t +
ǫ1 − a0
q
+
ǫ1 − a1
q − 1 +
ǫ2
q − x
}
ǫ2∂q
−
{ (a0t + a1t − a0) at
2(q − t) +C
}
− (t − 1)t
q − t ǫ1ǫ2∂t −
(x − 1)x
q − x ǫ1ǫ2∂x − (q − 1)qǫ2
2∂q
2.
where C = (−at − a∞ − a0 − a1 + 3ǫ1 + 3ǫ2)(−at + a∞ − a0 − a1 + ǫ1 + ǫ2)/4. We note that the
deformation equation BVIΨVI = 0 is equivalent to the BPZ equation (5.17) in [3] associated to
the field Φhq(q) and LVIΨVI = 0 is a linear combination of the BPZ equations associated to the
fields Φhq(q) and Φhx(x).
Remark 3.1. Denote by L̂VI and B̂VI the quantum Lax operators defined by (2.1) and (2.2),
respectively. The quantum Lax operators L̂VI and B̂VI are expressed in terms of LVI and BVI
from Virasoro conformal field theory as follows:
L̂VI = − LVI,
B̂VI = − ǫ2LVI + (ǫ1 − ǫ2)(q − t)BVI + b,
where
y = ǫ1∂x, p = ǫ2∂q, d = ∂t,

α0
α1
α3
α4
 =

−at
−a∞
−a1
−a0
 + (ǫ1 + ǫ2)

1
1
1
1
 ,
and b = (ǫ1 − ǫ2){(a0t + a1t − a0) at/2 − Ct} can be removed by some gauge transformation.
3.2. PV case. Operators: OV = Φh0(0)Φh1(1)ΦV(∞)Φhq(q)Φhx(x), where ΦV ∈ {Φ[1]} such as
T (z)ΦV(∞) = { −t
2
4ǫ1ǫ2
+
t(ǫ1 + ǫ2 + 2a2 − a0 − a1)
2ǫ1ǫ2
z−1 + t
∂
∂t
z−2 + · · · }ΦV(∞). (3.6)
Vector fields: ξLV(z) = z(z−1)(z−q)(z−x) , ξBV(z) = z(z−1)z−q . Gauge factor: fV(z) = za0(z − 1)a1etz.
LV =(x − 1)x
{a0 − ǫ2
x
+
a1 − ǫ2
x − 1 +
ǫ2 − ǫ1
x − q + t
}
ǫ1∂x − (q − 1)q
{a0 − ǫ1
q
+
a1 − ǫ1
q − 1 +
ǫ1 − ǫ2
q − x + t
}
ǫ2∂q
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− ta2(q − x) + (x − 1)xǫ12∂x2 − (q − 1)qǫ22∂q2,
BV =(q − 1)q
{ǫ1 − a0
q
+
ǫ1 − a1
q − 1 +
ǫ2
q − x − t
}
ǫ2∂q − tǫ1ǫ2∂t − (x − 1)xq − x ǫ1ǫ2∂x − (q − 1)qǫ2
2∂q
2
+
{1
2
t (−a1 − 2a2q + 2a2) − 14 (−a0 − a1 + ǫ1 + ǫ2) (−a0 − a1 + 3ǫ1 + 3ǫ2)
}
.
3.3. PIV case. Operators: OIV = Φh0(0)ΦVI(∞)Φhq(q)Φhx(x), where ΦVI ∈ {Φ[2]} such as
T (z)ΦVI(∞) = { −116ǫ1ǫ2 z
2 +
−t
4ǫ1ǫ2
z +
−t2 + 2a1 − a0
4ǫ1ǫ2
+
1
2
∂tz
−1 + · · · }ΦVI(∞), (3.7)
Vector fields: ξLVI(z) = z(z−q)(z−x) , ξBVI(z) = zz−q . Gauge factor: fVI(z) = za0e−tz−z
2/4
.
LIV = x
{a0 − ǫ2
x
+
ǫ2 − ǫ1
x − q − t −
x
2
}
ǫ1∂x − q
{a0 − ǫ1
q
+
ǫ1 − ǫ2
q − x −
q
2
− t
}
ǫ2∂q
+ xǫ1
2∂x
2 − qǫ22∂q2 + 12a1(q − x),
BIV = q
{ǫ1 − a0
q
+
ǫ2
q − x +
q
2
+ t
}
ǫ2∂q +
1
2
{
t(a0 − ǫ1 − ǫ2) + a1q
}
− 1
2
ǫ1ǫ2∂t −
x
q − xǫ1ǫ2∂x − qǫ2
2∂q
2.
3.4. PIII case. Operators: OIII = ΦIII(0)ΦIII′(∞)Φhq(q)Φhx (x), where ΦIII(0),ΦIII′(∞) ∈ {Φ[1]}
such as
T (z)ΦIII(0) = { −t
2
4ǫ1ǫ2
z−4 +
t(2ǫ1 + 2ǫ2 − a0)
2ǫ1ǫ2
z−3 + t∂tz
−2 + · · · }ΦIII(0),
T (z)ΦIII′(∞) = { −14ǫ1ǫ2 +
−ǫ1 − ǫ2 − 2a1 + a0
2ǫ1ǫ2
z−1 + · · · }ΦIII′(∞).
Vector fields: ξLIII(z) = z(z−q)(z−x) , ξBIII(z) = zz−q . Gauge factor: fIII(z) = zα0et/z+z.
LIII = −q2
{a0 − 2ǫ1
q
+
t
q2
+
ǫ1 − ǫ2
q − x − 1
}
ǫ2∂q + x
2
{a0 − 2ǫ2
x
+
ǫ2 − ǫ1
x − q +
t
x2
− 1
}
ǫ1∂x
− q2ǫ22∂q2 + x2ǫ12∂x2 + a1(q − x),
BIII = −q2
{a0 − ǫ1
q
+
t
q2
− ǫ2
q − x − 1
}
ǫ2∂q +
{1
4
a0(−a0 + 2ǫ1 + 2ǫ2) + a1q + t2
}
− q2ǫ22∂q2 −
qx
q − xǫ1ǫ2∂x − tǫ1ǫ2∂t.
3.5. PII case. Operators: OII = ΦII(∞)Φhq(q)Φhx(x), where ΦII ∈ {Φ[3]} such that3
T (z)ΦII(∞) = { −1
ǫ1ǫ2
z4 +
−t
16ǫ1ǫ2
z2 +
−2a − ǫ1 + ǫ2
ǫ1ǫ2
z+ 2∂t +
2a + ǫ1 − ǫ2
ǫ1ǫ2
tz−1 + · · · }ΦII(∞). (3.8)
Vector fields: ξLII(z) = 12(z−q)(z−x) , ξBII(z) = 1z−q . Gauge factor: fII(z) = e−tz−
2
3 z
3
.
LII = 2(a + ǫ1)(q − x) +
{
2q2 + t +
ǫ2 − ǫ1
q − x
}
ǫ2∂q −
{
2x2 + t +
ǫ1 − ǫ2
x − q
}
ǫ1∂x + ǫ1
2∂x
2 − ǫ22∂q2,
3We have set the additional parameter u2=0 in the corresponding equation (3.3).
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BII = 2(a + ǫ1)q +
{
2q2 + t + ǫ2
q − x
}
ǫ2∂q − 2ǫ1ǫ2∂t − ǫ2q − xǫ1∂x − ǫ2
2∂q
2.
3.6. PI case. Operators: OI = ΦI(∞)Φhq(q)Φhx (x), where ΦI is a degenerate case of Φ[3] such
that
T (z)ΦI(∞) = { −4
ǫ1ǫ2
z3 +
−2t
ǫ1ǫ2
z + 2∂t + · · · }ΦI(∞). (3.9)
Vector fields: ξLI(z) = 12(z−q)(z−x) , ξBI(z) = 1z−q . Gauge factor: fI(z) = 1.
LI = (4q3 + 2qt − 4x3 − 2xt) − ǫ1 − ǫ2q − x ǫ1∂x +
ǫ2 − ǫ1
x − q ǫ2∂q + ǫ1
2∂x
2 − ǫ22∂q2,
BI = (4q3 + 2qt) + 1q − xǫ2
2∂q −
1
q − xǫ1ǫ2∂x − ǫ2
2∂q
2 − 2ǫ1ǫ2∂t.
3.7. PIII (D7) case. Operators: O(D7)III = Φ(D7)III (0)Φ(D7)III′ (∞)Φhq(q)Φhx (x),
T (z)Φ(D7)III (0) = {
−t2
4ǫ1ǫ2
z−4 +
t(2ǫ1 + ǫ2 − a0)
2ǫ1ǫ2
z−3 + t∂tz
−2 + · · · }Φ(D7)III (0),
T (z)Φ(D7)III′ (∞) = {
1
ǫ1ǫ2
z−1 + · · · }Φ(D7)III′ (∞).
Vector fields: ξL(D7)III (z) =
z2
(z−q)(z−x) , ξB(D7)III
(z) = z
z−q . Gauge factor: f (D7)III (z) = e−t/(2z)za0 .
L(D7)III =
{
q(2ǫ1 − a0) − q
2(ǫ1 − ǫ2)
q − x − t
}
ǫ2∂q +
{
x(a0 − 2ǫ2) + x
2(ǫ1 − ǫ2)
q − x + t
}
ǫ1∂x
− q2ǫ22∂q2 − (q − x)(2qx + tǫ2)2qx + x
2ǫ1
2∂x
2,
B(D7)III =
{
− a0q +
q2ǫ2
q − x + qǫ1 − t
}
ǫ2∂q +
{1
4
a0(−a0 + 2ǫ1 + 2ǫ2) + tǫ22q − q
}
− q2ǫ22∂q2 − tǫ1ǫ2∂t −
qx
q − xǫ1ǫ2∂x.
3.8. PIII (D8) case. Operators: O(D8)III = Φ(D8)III (0)Φ(D8)III′ (∞)Φhq(q)Φhx (x),
T (z)Φ(D8)III (0) = {
t
ǫ1ǫ2
z−3 + t∂tz
−2 + · · · }Φ(D8)III (0),
T (z)Φ(D8)III′ (∞) = {
1
ǫ1ǫ2
z−1 + · · · }Φ(D8)III′ (∞).
Vector fields: ξL(D8)III (z) =
z2
(z−q)(z−x) , ξB(D8)III
(z) = z
z−q . Gauge factor: f (D8)III (z) = zǫ1+ǫ2 .
L(D8)III = −
qx(ǫ1 − ǫ2)
q − x ǫ2∂q − q
2ǫ2
2∂q
2
+
(q − x)(t − qx)
qx
+ x2ǫ1
2∂x
2
+
qx(ǫ1 − ǫ2)
q − x ǫ1∂x,
B(D8)III = −q2ǫ22∂q2 +
{ (ǫ1 + ǫ2)2
4
− q − t
q
}
− tǫ1ǫ2∂t −
qx
q − xǫ1ǫ2∂x +
qx
q − xǫ
2
2∂q.
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Remark 3.2. It is known that the classical limit of the Knizhnik-Zamolodchikov equations are
the Schlesinger equations [21], [5]. Similarly, all the above operators LJ , BJ from Virasoro
conformal field theory give the Lax pair for the classical Painleve´ equations PJ (see Appendix
A) under the limit ǫ2 → 0 with ǫ2∂q → p, up to a gauge factor independent of z. See [11], [24]
for the more detail.
Remark 3.3. In a similar way, one can derive the Lax pair for quantum Garnier system of
N-variables, by inserting N-primary fields Φ−ǫ1(qi) (i = 1, . . . , N).
Remark 3.4. The confluent/degeneration scheme of the Painleve´ equation is summarized by the
following diagram
PVI(1, 1, 1, 1) → PV(2, 1, 1) → PIII(2, 2) → PD7III (2, 32) → PD8III (32 , 32 )
ց ց
PIV(3, 1) → PII(4) → PI(72)
(3.10)
where the numbers (i1, i2, · · · ) represent the ’Poincare´ rank +1’ of the singularities. The cases
PD7III (2, 32), PD8III (32 , 32) are degenerate case of PIII and studied systematically in [20]. In view of
the 4d N = 2 gauge theory, the series (1, 1, 1, 1) → (2, 1, 1) → (2, 2) → (2, 32) → (32 , 32)
correspond to the S U(2) gauge theories with N f = 4, 3, 2, 1, 0, and the series (3, 1) → (4) → (72)
corresponds to the AD theories [8].
Appendix A. Classical cases
A.1. Data for the classical Painleve´ equations. [19], [20]
PI : HI =
p2
2
− 2q3 − tq,
LI =
{
− 4x3 − 2tx − 2HI + p
x − q
}
− 1
x − q∂x + ∂x
2,
BI = ∂t −
1
2(x − q)∂x +
p
2(x − q) ,
PII : HII =
p2
2
−
{
q2 +
t
2
}
p − a1q,
LII =
{ p
x − q − 2HII − 2a1x
}
−
{
2x2 + t +
1
x − q
}
∂x + ∂x
2,
BII = ∂t − 12(x − q)∂x +
p
2(x − q) ,
s1 = {a1 7→ −a1, q 7→ q + a1/p},
π = {a1 7→ 1 − a1, q 7→ −q, p 7→ −p + 2q2 + t}.
PIII : HIII =
1
t
{
p2q2 − (q2 + a1q − t)p − a0q
}
,
LIII =
{
− a0
x
+
pq
x(x − q) −
tHIII
x2
}
+
{1 − a1
x
− 1
x − q +
t
x2
− 1
}
∂x + ∂x
2,
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BIII = ∂t −
xq
t(x − q)∂x +
pq2
t(x − q) ,
s0 = {a0 7→ −a0, a1 7→ a1 + 2a0, q 7→ q + a0/p},
s1 = {a0 7→ 1 + a0 + a1, a1 7→ −2 − a1, p 7→ p − (a1 + 1)/q + t/q2, t 7→ −t},
s2 = {a1 7→ −2a0 − a1, q 7→ q − (a0 + a1)/(p − 1)}.
P(D7)III : H
(D7)
III =
1
t
(p2q2 + q + pt + a1 pq),
LIII =
{1 − p
x
+
p
x − q −
tH(D7)III
x2
}
+
{a1 + 1
x
− 1
x − q +
t
x2
}∂x + ∂x2,
BIII = ∂t − xqt(x − q)∂x +
pq2
t(x − q) ,
s0 = {a1 7→ 2 − a1, p 7→ p − (1 − a1)/q + t/q2, t 7→ −t},
s1 = {a1 7→ −a1, p 7→ −p, q 7→ −q − a1/p − 1/p2, t 7→ −t},
π = {a1 7→ 1 − a1, q 7→ tp, p 7→ −q/t, t 7→ −t}.
P(D8)III :H
(D8)
III =
1
t
(p2q2 + pq + q + t
q
),
L(D8)III =
{1 − p
x
+
p
x − q −
tH(D8)III
x2
+
t
x3
}
+
{2
x
− 1
x − q
}
∂x + ∂x
2,
B(D8)III = ∂t −
xq
t(x − q)∂x +
pq2
t(x − q) ,
π = {q 7→ t/q, p 7→ −q(2qp + 1)/(2t)}.
PIV : HIV = qp f − a1 p − a2q, f = p − q − t,
LIV =
{
− a2 − HIV
x
+
pq
x(x − q)
}
+
{1 − a1
x
− t − x − 1
x − q
}
∂x + ∂x
2,
BIV = ∂t − x
x − q∂x +
pq
x − q ,
s0 = {p 7→ p + (1 − a1 − a2)/ f , q 7→ q + (1 − a1 − a2)/ f , a1 7→ 1 − a2, a2 7→ 1 − a1},
s1 = {p 7→ p − a1/q, a1 7→ −a1, a2 7→ a1 + a2},
s2 = {q 7→ q + a2/p, a1 7→ a1 + a2, a2 7→ −a2},
π = {p 7→ − f , q 7→ −p, a1 7→ a2, a2 7→ 1 − a1 − a2}.
PV : HV =
1
t
{
(q − 1)q(p + t)p + {a1 − (a1 + a3)q}p + a2qt
}
,
LV =
{ p(q − 1)q
(x − 1)x(x − q) +
a2tx − tHV
(x − 1)x
}
+
{1 − a1
x
+ t +
1 − a3
x − 1 −
1
x − q
}
∂x + ∂x
2,
BV = ∂t − (x − 1)xt(x − q) ∂x +
p(q − 1)q
t(x − q) ,
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s0 = {a1 7→ 1 − a2 − a3, a3 7→ 1 − a1 − a2, q 7→ q + (1 − a1 − a2 − a3)/(p + t)},
s1 = {a1 7→ −a1, a2 7→ a1 + a2, a3 7→ a3, p 7→ p − a1/q},
s2 = {a1 7→ a1 + a2, a3 7→ a2 + a3, a2 7→ −a2, q 7→ q + a2/p},
s3 = {a3 7→ −a3, a2 7→ a2 + a3, p 7→ p − a3/(q − 1)},
π = {a1 7→ a2, a2 7→ a3, a3 7→ 1 − a1 − a2 − a3, q 7→ −p/t, p 7→ (q − 1)t}.
PVI : HVI =
q(q − 1)(q − t)
t(t − 1)
{
p2 − (a0 − 1
q − t +
a3
q − 1 +
a4
q
)p
}
+
(q − t)a2(a1 + a2)
t(t − 1) ,
LVI =
{ p(q − 1)q
(x − 1)x(x − q) +
a2(a1 + a2)
(x − 1)x −
t(t − 1)HVI
(x − 1)x(x − t)
}
+
{1 − a0
x − t +
1 − a3
x − 1 +
1 − a4
x
− 1
x − q
}
∂x + ∂x
2,
BVI = ∂t − (t − q)(x − 1)x(t − 1)t(q − x) ∂x +
p(q − 1)q(q − t)
(t − 1)t(x − q) ,
s0 = {a0 7→ −a0, a2 7→ a0 + a2, p 7→ p − a0/(q − t)},
s1 = {a1 7→ −a1, a2 7→ a1 + a2},
s2 = {a0 7→ a0 + a2, a1 7→ a1 + a2, a2 7→ −a2, a3 7→ a2 + a3, a4 7→ a2 + a4, q 7→ q + a2/p},
s3 = {a2 7→ a2 + a3, a3 7→ −a3, p 7→ p − a3/(q − 1)},
s4 = {a2 7→ a2 + a4, a4 7→ −a4, p 7→ p − a4/q},
π1 = {a0 7→ a1, a1 7→ a0, a3 7→ a4, a4 7→ a3, p 7→ −(q − t)(p(q − t) + a2)t(t − 1) , q 7→
(q − 1)t
q − t },
π2 = {a0 7→ a3, a1 7→ a4, a3 7→ a0, a4 7→ a1, p 7→ −
q(pq + a2)
t
, q 7→ t
q
},
π3 = {a0 7→ a4, a1 7→ a3, a3 7→ a1, a4 7→ a0, p 7→ (q − 1)(p(q − 1) + a2)t − 1 , q 7→
q − t
q − 1 }.
A.2. Symmetry of the classical Lax operator. [9], [23]
Proposition A.1. If LJy(x) = 0 then ℓw(LJ)y˜ = 0, where
y˜ = (∂x)2−a1y, w = πs1π, ℓ = ∂x + 1 − a1
x − q +
1
x − w(q) , (for J = II)
y˜ = (∂x)2−a1e 1∂x y, w = πs1πs1, ℓ = ∂2x −
(
1
x − q +
a1 − 1
s1(q)
)
∂x − p
x − q +
p + 1
x + s1(q) , (for J = III
D7)
y˜ = (∂x)2−a0y, w = s1s2s1s0, ℓ = ∂x + 2
x
+
1 − a0
x − q +
1
x − w(q) , (for J = III)
y˜ = (∂x)2−a2y, w = s1s0s1, ℓ = ∂x + 1
x
+
1 − a2
x − q +
1
x − w(q) , (for J = IV)
y˜ = (∂x)2−a2y, w = s3s0s1s0s3, ℓ = ∂x + 1
x
+
1
x − 1 +
1 − a2
x − q +
1
x − w(q) , (for J = V)
26
y˜ = (∂x)2−a2y, w = s4s3s1s0s2s4s3s1s0, ℓ = ∂x + 1
x
+
1
x − 1 +
1
x − t +
1 − a2
x − q +
1
x − w(q) . (for J = VI)
Proposition A.2. If LJy(x) = 0 then w(LJ)y˜ = 0, where
y˜ = {a1y + (x − q − a1/p)yx}/(x − q), w = s1πs1π, (for J = II)
y˜ = {xyx − qpy}/(x − q), w = s1π, (for J = IIID7)
y˜ = {a0y + (x − q − a0/p)yx}/(x − q), w = s1s2s1, (for J = III)
y˜ = {a2y + (x − q − a2/p)yx}/(x − q), w = s1s0s1s2, (for J = IV)
y˜ = {a2y + (x − q − a2/p)yx}/(x − q), w = s3s0s1s0s3s2, (for J = V)
y˜ = {a2y + (x − q − a2/p)yx}/(x − q), w = s4s3s1s0s2s4s3s1s0s2. (for J = VI)
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